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The trees corresponding to sequential representations.
Proof of the embedding theorem.
Proof of some lemmas.
Page (ii) ~n t r o d u c t i o n and n o t a t i o n s . I n t h i s t h e s i s we prove t h e following r e s u l t : any c o u n t a b l e upper s e m i l a t t i c e w i t h l e a s t element can be embedded a s an i n i t i a l
segment of t h e d e g r e e s of u n s o l v a b i l i t y . This r e s u l t s e t t l e s t h e q u e s t i o n of i d e n t i f y i n g t h e c o u n t a b l e i n i t i a l segments o f t h e degrees.
The f i r s t r e s u l t i n t h i s d i r e c t i o n was given by Spector [ 6 I who showed t h e e x i s t e n c e o f a minimal d e g r e e , which i s e q u i v a l e n t t o t h e embedding of t h e two element c h a i n i n t h e degrees. T h i s r e s u l t w a s extended by Titgemeyer E 8 1 t o t h e embedding o f a l l f i n i t e chains. H u g i l l [ l l t h e n o b t a i n e d t h e r e s u l t f o r c o u n t a b l e c h a i n s and Lachlan 1 2 1 f o r countable d i s t r i b u t i v e l a t t i c e s . A l l of t h e work above was based on t h e f a c t one can o b t a i n a n i c e r e p r e s e n t a t i o n of d i s t r i b u t i v e l a t t i c e s .

Since no such r e p r e s e n t a t i o n were a v a i l a b l e f o r f i n i t e l a t t i c e s i n g e n e r a l , t h e method used had t o be q u i t e d r a s t i c a l l y changed. A f i r s t s t e p i n t h i s d i r e c t i o n i s i n Thomason [ 7 1. Then Lerman [ 2 ] o b t a i n e d a s u i t a b l e ' r e p r e s e n t a t i o n i n t h e l i m i t ' of f i n i t e l a t t i c e s and w a s a b l e t o s e t t l e t h e embedding problem f o r t h o s e l a t t i c e s . I t i s t h i s work we extend, u s i n g t h e f a c t t h a t any countable s e m i l a t t i c e i s t h e l i m i t of a sequence o f f i n i t e l a t t i c e s .
An i n t u i t i v e d i s c u s s i o n o f t h e necessary r e s u l t s from
r e c u r s i v e f u n c t i o n t h e o r y f o l l o w s . Formal d e f i n i t i o n s can be found i n Rogers E 5 I .
Let N be t h e s e t o f n a t u r a l numbers. A and B w i l l b e s u b s e t s of N , and f and g w i l l be f u n c t i o n s from N t o N .
A function f is recursive if there exists an effective procedure which calculates f(n), for n C N . It can be shown that this relation is an equivalence relation on P (N). The canonical index of a f i n i t e set D = {xl.x 2 f . . . . x 1 i s n X X 2 X n t h e n a t u r a l number 2 + 2 + . . . + 2 . A sequence < A i , i E N > of f i n i t e sets i s s a i d t o be s t r p n q l y r e c u r s i v e l y enumerable ( s t r o n g l y r.e.) if t h e r e i s a r e c u r s i v e function h such t h a t f o r i € N , h ( i 1 i s t h e canonical index of A .
P(N)/%~
i Say we have two sets o f functions M and N and a p a i r i n g
Then t h i s p a i r i n g i s uniform i f t h e r e is a procedure t h a t w i l l y i e l d g given f s o t h a t ( f , g ) € P: t h a t is, t h e r e is e € w such t h a t g = (e) ( f ) f o r a l l (f ,g) E P.
The notion of r e c u r s i v e function and r e c u r s i v e sets can be extended is a n obvious manner t o functions, f : N~ + N and s u b s e t s of Ef . A r e c u r s i v e p r e d i c a t e i s a r e c u r s i v e subset of N~, f o r some n € N. . 
i+l8-
In this section we show how to build an array where e ( 0 ) = 0 and t ( k ) 6 t(k + 1) fox all k satisfying the following conditions:
(C1) For each j the sequence < (F .) : C(j) 5 k < w > is kIjl *k13 almost a sequential representation of ( L j . 9 ) meaning that there is a strictly increasing sequence t ( j ) = n(0) < n(l)< ... j Assume t h e columns of t h e a r r a y before t h e kth have already been constructed s o t h a t C1, C2 and C 3 a r e s a t i s f i e d and so t h a t f o r n = k -1 t h e nth column has t h e following embeddinq propartx with
is an admissible extension of (FIV) then t h e r e e x i s t s j > i and
s t h e i d e n t i t y on j r n v j , n (FIV). The commutative Diagram 1 i l l u s t r a t e s t h e embedding property.
I n t h e diagram 5 s i g n i f i e s an i n j e c t i o n and Z s i g n i f i e s an embedding.
Diagram 1
Now we shall show how to effectively construct the kth c0lUrnn such that C1, CZ and C3 remain satisfied. and the kth column has the embedding property with respect to Lk .
We shall only treat the case k > 0; the modifications required when k = 0 will be readily apparent.
We first show how to obtain (FC (k) UC ,k) . 
and (G~~IJ,-~, W) . By the induction hypothesis there is an embedding U of (HIU) in @j,k-ll j,k-l ) , for Some j > 8 (k-1) , which is the identity on U8 (k-1) , k -l . L e t (PI , U* ) be the copy of (GII%-~, W)
We now proceed with the general step in the construction of representation of Lk . By lenmas 1.4 and 1.5, (HIU) is an admissible extension of (Fnr On) where without loss of generality we can assume W n U = V . By lemmas 1.6 we form (F',V1) a common extension of (Fn,Un) and (GIW) with V9 = u U W; from lemma 1.6. (F' .V' is an n admissible extension of (Fn.Un). Applying lemma 1.6 again to (H,U) and (FS,V') seen as admissible extensions of (F ,U ) we obtain n n (F" ,V" ) . a common extension of (H,U) and ( F V ) . Further (F" pV" )
will be an admissible extension of (Fn,Un) by the last sentence of lemma 1.6. Now by l e m 1.7, (F~~IIL~-~.V~*) is an admissible extension of (~~114-~~~~). Also by the induction hypothesis (C2) we have
Since by assumption the (k -1) -th row has the embedding property we can find j > n and an embedding of (~"ll$-~,~") in (Fj ,k-lrUj .k-1 ) which is the identity on Un . Let ernbedding of (GIW) in (F ,V ) which is the identity on V .
We have shown how to ensure that the kth column has the embedding property with respect to (F.V), (Fnrk,U ) , and (G,W) and we n,k have extended the kth column by a finite number of rows in the process. Then T ' is to be the unique tree , .
Again t h e procedure is uniform and thus t h e r e e x i s t s j such t h a t JIT = { j} ($ ) .
I C TO I C LEMMA 3.2.
I f T is a t r e e , b ) c i n L , and e f w , then t h e r e is an acceptable subtree To of T such t h a t , f o r any LEMMA 3.3.
If To is a t r e e and e 4 w , t h e r e e x i s t s an acceptable subtree T of To and a F L such t h a t e i t h e r , f o x a l l $J 6 a(T)t {el* is total and { e l ' has the same degree as or el* is total for no $ C a ( T ) .
94.
Proof of the embedding theorem. Let a j-tree be a tree in the 85. W e now attend t o t h e lemmas l e f t without proof i n t h e previous sections. 
. In either case we have ensured that G when u is replaced by any JI € 3 (T ) .
The r e s t of t h i s s e c t i o n i s devoted t o t h e proof of Lemma 3.3.
Suppose t h a t t h e r e e x i s t s (3 on To and k 6 w such t h a t . For a, 6 6 l e t a -6 denote t h e s t r i n g obtained by t h e concatenation of $ t o t h e r i g h t of a . W e can choose T r T , t . . . T 0 . L m-1 i n t u r n such t h a t 0 j"'ro*... . L e t q ( i + 1) = q o ( i * + 1) where i * is t h e l e a s t number such t h a t q ( i ) + & h ( r ) = q * . I f i 5 j < i * and k C Ui , define $ ( k t j) = T ( j -ll(i)). I f qO(i*) 5 j < q O ( i * + 1) and k 6 Ui, define $ ( k , j ) = + O ( k , j ) . This completes t h e induction s t e p i n t h e d e f i n i t i o n of T . It i s easy t o check t h a t q and and recursive and t h a t T is an acceptable subtree of To . For any 6 Z(T) t h e r e e x i s t s j < m such t h a t d c $ ,
whence { e l (if i s defined from t h e way i n which j w e constructed t h e ith node.
Thus without l o s s of g e n e r a l i t y we may suppose t h a t , f o r a l l I#J C 2 (To) , {ej* is total. we make t h i s assumption below. Proof. This is where we use c l a u s e 1.1 of t h e d e f i n i t i o n of s e q u e n t i a l Since t h e r e must e x i s t k f o such t h a t fe) (k) and {el f k ) a r e defined and d i s t i n c t , we can suppose t h a t $ , and agree except a t a f i n i t e number of nodes. By i n t e r p o l a t i o n w e can suppose t h a t . a n d 
I
We construct the ith node in t stages numbered 0.1,. . . , t-1. Let be t h e common length of a l l t h e s t r i n g s U n T and we s h a l l d e f i n e u t , k
f o r a l l k C Ui and j i n q ( i ) 5 j < q ( i + 1).
Thus t h e s t r i n g s on T of l e n g t h q ( i + 1) w i l l be j u s t a l l t h o s e of t h e form uu n T~ ,k . Also, a s we have noted above, e T n r k ) and e (T -T I k 1 a r e defined and d i f f e r e n t .
I t follows a t once t h a t f o r some j < 2 I { e l (T -T;.
k t ) and e (r , k a r e defined and d i f f e r e n t .
Fix such a j . W e may suppose t h a t e T t T k t ) i s defined f o r r ' r < 2 . W e now d e f i n e T s + 1 , k f o r k C Ui . and t h e construction of T . Recall t h a t a f t e r t h e l a s t s t a g e , namely s t a g e t -1, we d e f i n e l l ( i + 1) t o be t h e common length of a l l t h e s t r i n g s u -T u t , k and l e t @ ( k , j ) = T t l k 1 -n f i ) f o r a l l k C ui and j i n ~( i ) 5 j < Q ( i + 1).
How do w e compute $J from e f o r $ C~( T ) ? For TI c induction w e may suppose t h a t we have a l r e a d y computed , . Let k be t h e unique member i n Ui such t h a t agrees with 1 x 4 (k,x) i n 
